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First-order vortices in a gauged CP (2) model with a Chern-Simons term
V. Almeida1, R. Casana1 and E. da Hora2.
1Departamento de F´ısica, Universidade Federal do Maranha˜o,
65080-805, Sa˜o Lu´ıs, Maranha˜o, Brazil.
2Coordenadoria Interdisciplinar de Cieˆncia e Tecnologia,
Universidade Federal do Maranha˜o,
65080-805, Sa˜o Lu´ıs, Maranha˜o, Brazil.
We consider a gauged CP (2) theory in the presence of the Chern-Simons action, focusing our
attention on those time-independent solutions possessing radial symmetry. In this context, we
develop a coherent first-order framework via the Bogomol’nyi prescription, from which we obtain
the corresponding energy lower-bound and the first-order equations the model supports. We use
these expressions to introduce effective BPS scenarios, solving the resulting first-order equations
by means of the finite-difference scheme, this way attaining genuine field solutions engendering
topological configurations. We depict the new profiles, commenting on the main properties they
engender.
PACS numbers: 11.10.Kk, 11.10.Lm, 11.27.+d
I. INTRODUCTION
In the context of classical theories, solitons are
described as those time-independent solutions arising
within highly nonlinear models [1]. In this sense, vor-
tices are radially symmetric solutions coming from planar
scenarios in the presence of a gauge field.
Moreover, under very special circumstances, solitons
can also be obtained via a set of first-order differential
equations (instead of the second-order Euler-Lagrange
ones), the resulting solutions minimizing the energy of
the effective system [2].
In this sense, first-order vortices were firstly studied
in the context of the simplest Maxwell-Higgs electrody-
namics [3]. Furthermore, these solutions were verified
to occur within the Chern-Simons-Higgs scenario too [4].
Also, first-order vortices were recently considered in con-
nection with nonstandard models [5], the resulting solu-
tions being used as an attempt to explain some cosmo-
logical issues [6].
In such a context, it is especially interesting to consider
the existence of well-behaved time-independent vortices
arising from a CP (N − 1) scenario in the presence of
a gauge field, mainly due to the close phenomenological
relation between such theory and the four-dimensional
Yang-Mills-Higgs one [7].
In a recent investigation, radially symmetric solutions
arising from a planar CP (2) theory endowed by the
Maxwell term were considered, the author clarifying the
way these structures and correlated results depend on
the parameters of the model [8]. In that work, how-
ever, the vortex configurations were obtained by solv-
ing the second-order Euler-Lagrange equations directly
(the resulting solutions therefore not saturating the Bo-
gomol’nyi bound).
In the sequel, some of us introduced the first-order
vortices inherent to the aforementioned Maxwell CP (2)
theory, defining the energy lower-bound and the corre-
sponding first-order equations [9]. In that work, the self-
dual profiles were constructed numerically by means of
the finite-difference scheme, the resulting structures pre-
senting the typical topological shape.
Moreover, some of us have also studied first-order vor-
tices within a Maxwell CP (2) model in the presence of a
nontrivial dielectric function. The point to be raised here
is that such function can be used to change the vacuum
manifold of the effective theory, from which we have used
such freedom to generate self-dual vortices engendering a
nontopological profile, the resulting Bogomol’nyi bound
being not quantized anymore [10].
We now go a little bit further by investigating a rather
natural extension of the aforecited works, i.e. the search
for the first-order planar solitons arising from a CP (2)
theory in the presence of the Chern-Simons action.
In order to introduce our results, the present
manuscript is organized as follows: in the next Sec-
tion II, we define the gauged CP (N − 1) theory and
some conveniences inherent to it, focusing our atten-
tion on those time-independent solitons possessing ra-
dial symmetry. We then develop a coherent first-order
framework by minimizing the effective energy according
the Bogomol’nyi prescription, this way obtaining general
first-order equations and the corresponding energy lower-
bound, such construction being only possible due to a
differential constraint involving the potential engender-
ing self-duality. In the Section III, we solve the first-order
expressions in order to find genuine BPS solutions satu-
rating the Bogomol’nyi bound. We solve the correspond-
ing first-order equations by means of the finite-difference
algorithm, from which we depict the numerical solutions,
whilst commenting the main properties they engender.
We end our work in the Section IV, presenting our fi-
nal considerations and the perspectives regarding future
studies.
In this manuscript, we adopt ηµν = (+−−) as the
metric signature for the flat spacetime, together with the
natural units system, for the sake of simplicity.
2II. THE MODEL
We begin our investigation by presenting the Lagrange
density defining the gauged CP (N−1) model in the pres-
ence of the Chern-Simons term (with ǫ012 = +1), i.e.
L = −k
4
ǫαµνAαFµν + (PabDµφb)
∗
PacD
µφc − V (|φ|) .
(1)
Here, Fµν = ∂µAν−∂νAµ stands for the electromagnetic
field strength tensor, Dµφa = ∂µφa − igAµQabφb repre-
senting the covariant derivative (Qab is a real diagonal
charge matrix). Furthermore, Pab = δab − h−1φaφ∗b is a
projection operator defined conveniently. In this work,
the Greek indexes run over the space-time coordinates,
the Latin ones counting the complex fields underlying the
CP (N − 1) sector (with φ∗aφa = h).
The Euler-Lagrange equation for the gauge field is
given by
k
2
ǫλµνFµν = J
λ, (2)
where
Jλ = ig
[
(PabQbfφf )
∗
PacD
λφc −
(
PabD
λφb
)∗
PacQcbφb
]
(3)
represents the current vector. It is then instructive to
write down the Gauss law for time-independent config-
urations, which reads (here, B = F21 is the magnetic
field)
kB = ρ, (4)
with
ρ
ig
=
(
PabD
0φb
)∗
PacQcdφd−PabD0φb (PacQcdφd)∗ (5)
and D0φb = −igQbcφcA0. In this sense, given that
A0 = 0 does not solve the Gauss law identically, the tem-
poral gauge does not hold anymore, the final structures
possessing both electric and magnetic fields.
In this work, we look for radially symmetric solutions
inherent to the gauged CP (2) scenario by using the usual
map
Ai = − 1
gr
ǫijnjA(r), (6)

 φ1φ2
φ3

 = h 12

 eim1θ sin (α(r)) cos (β(r))eim2θ sin (α(r)) sin (β(r))
eim3θ cos (α(r))

 , (7)
with m1, m2 and m3 ∈ Z standing for winding num-
bers, ǫij being the bidimensional Levi-Civita tensor (with
ǫ12 = +1), nj = (cos θ, sin θ) representing the unit vector.
Therefore, regular solutions presenting no divergences are
obtained via those profile functions α(r) and A(r) satis-
fying
α(r → 0)→ 0 and A(r → 0)→ 0. (8)
It is already known that, in order to support configura-
tions with nontrivial topology, we must fix m1 = −m2 =
m, m3 = 0 and Q = λ3/2, with λ3 =diag(1,−1, 0) (the
choice m1 = m2 = m, m3 = 0 and Q = λ8/2, with√
3λ8 =diag(1, 1,−2), mimicking the first one), the pro-
file function β(r) then holding for two constant solutions,
i.e.
β(r) = β1 =
π
4
+
π
2
k or β(r) = β2 =
π
2
k, (9)
with k ∈ Z; for additional details, the reader is referred
to the Eq. (9) of the Ref. [9] and the discussion therein.
It is important to highlight that, from this point on,
our expressions describe the effective scenario defined by
the conveniences introduced in the previous paragraph.
We look for genuine first-order solutions saturating an
energy lower-bound. In this sense, we proceed the min-
imization of the overall energy, the starting-point being
the energy-momentum tensor related to the effective sce-
nario, i.e.
Tλρ = 2 (PabDλφb)∗ PacDρφc − ηλρLntop, (10)
where
Lntop = (PabDµφb)∗ PacDµφc − V (|φ|) (11)
stands for the nontopological Lagrange density, the en-
ergy density reading
ε =
k2B2
g2hW
+ V + h
[(
dα
dr
)2
+
W
r2
(
A
2
−m
)2]
, (12)
where we have introduced the Gauss law (4). Here, we
have defined the auxiliary function
W =W (α, β) = sin2 α
(
1− sin2 α cos2 (2β)) . (13)
The point to be raised is that, whether the potential
is constrained to satisfy
2k
g2
√
h
d
dr
√
V
W
= −h
√
W
dα
dr
, (14)
the expression for the energy density can be rewritten
according the Bogomol’nyi prescription, therefore giving
rise to
ε =
(
kB
g
√
hW
∓
√
V
)2
+ h
(
dα
dr
∓
√
W
r
(
A
2
−m
))2
∓ 2k
g2
√
h
1
r
d
dr
[
(A− 2m)
√
V
W
]
, (15)
where we have used B (r) = −A′/gr for the magnetic
field (prime denoting derivative with respect to r), the
resulting first-order equations standing for
dα
dr
= ±
√
W
r
(
A
2
−m
)
, (16)
3kB = ±g
√
hVW , (17)
the solution for β(r) being necessarily one of those stated
in (9).
The scenario can be summarized as follows: given the
potential fulfilling the constraint (14), the model (1) ef-
fectively supports radially symmetric solutions satisfying
the first-order equations (16) and (17), the final configu-
rations saturating an energy lower-bound given by
Ebps = 2π
∫
rεbpsdr = ∓8πmk
g2
√
h
√
V0
W0
, (18)
where
εbps = ∓ 2k
g2
√
h
1
r
d
dr
[
(A− 2m)
√
V
W
]
(19)
stands for the energy density of the first-order struc-
tures, the upper (lower) sign holding for negative (pos-
itive) values of m. Here, we have supposed that
(A∞ − 2m)
√
V∞/W∞ vanishes, with
√
V0/W0 being fi-
nite. Moreover, we have defined V0 ≡ V (r → 0), W0 ≡
W (r → 0), V∞ ≡ V (r →∞), W∞ ≡ W (r →∞) and
A∞ ≡ A (r →∞).
It is also instructive to calculate the magnetic flux ΦB
the first-order solutions support. It reads
ΦB = 2π
∫
rB (r) dr = −2π
g
A∞, (20)
where we have used B (r) = −A′/gr again. We demon-
strate below that the energy lower-bound (18) can be ver-
ified to be proportional to the magnetic flux (20), both
quantities being quantized according the winding number
m, as expected for topological solitons.
III. FIRST-ORDER SCENARIOS AND THEIR
NUMERICAL SOLUTIONS
We now demonstrate how the first-order framework
we have developed generates genuine radially symmetric
solitons. Here, in order to present our results, we pro-
ceed as follows: firstly, we choose a particular solution
for β(r) coming from (9), whilst solving the constraint
(14) for the potential engendering self-duality. We then
use such conveniences to obtain the asymptotic bound-
ary conditions α(r) and A(r) must obey in order to fulfill
the finite-energy requirement, i.e. ε(r → ∞) → 0, from
which we also calculate the energy lower-bound (18) and
the magnetic flux (20) explicitly, showing that they are
proportional to each other, as expected. Finally, we solve
the corresponding first-order equations numerically by
means of the finite-difference scheme, whilst comment-
ing on the main properties they engender.
A. The β(r) = β1 case
We go further into our investigation by choosing
β(r) = β1 =
π
4
+
π
2
k, (21)
from which one gets cos2 (2β1) = 0, the fundamental con-
straint being reduced to
2k
g2
√
h
d
dr
[ √
V
sinα
]
= h
d
dr
(cosα) , (22)
whose solution is
V (α) =
g4
16k2
h3 sin2 (2α) , (23)
i.e. the potential supporting self-duality (here, we have
used C = 0 for the integration constant).
We now implement (21) and (23) into (12), the result-
ing expression being
ε (r) =
k2B2
g2h sin2 α
+
g4
16k2
h3 sin2 (2α)
+h
[(
dα
dr
)2
+
sin2 α
r2
(
A
2
−m
)2]
, (24)
from which we attain ε (r →∞)→ 0 by imposing
α (r→∞)→ π
2
and A (r →∞)→ 2m, (25)
standing for the boundary conditions the profile functions
obey in the asymptotic limit.
In view of (21), (23) and (25), the energy lower-bound
(18) can be verified to be equal to
Ebps = ∓4πhm, (26)
the magnetic flux ΦB (20) standing for
ΦB = −4π
g
m, (27)
from which we get that Ebps = ±ghΦB, both Ebps and
ΦB being proportional to each other and quantized ac-
cording the winding number m, as expected. Here, we
have used
√
V0
sinα0
√
1− sin2 α0 cos2 (2β1)
=
g2
√
h
2k
h, (28)
this way also verifying our previous assumption, see the
discussion just after (19).
The first-order equations (16) and (17) can be rewrit-
ten as
dα
dr
= ± sinα
r
(
A
2
−m
)
, (29)
1
r
dA
dr
= ∓ g
4
4k2
h2 sin (2α) sinα, (30)
which must be solved according the boundary conditions
(8) and (25).
4FIG. 1: Numerical solutions to α (r) coming from (29) and
(30) in the presence of (8) and (25). Here, we have fixed
h = k = 1 and g =
√
2, varying the winding number: m = 1
(solid black line), m = 2 (dashed blue line) and m = 3 (dash-
dotted red line).
B. The β(r) = β2 case
We now consider
β(r) = β2 =
π
2
k, (31)
via which one gets cos2 (2β2) = 1, the corresponding con-
straint being
4k
g2
√
h
d
dr
[ √
V
sin (2α)
]
=
h
4
d
dr
(cos (2α)) , (32)
is solution standing for the self-dual potential, i.e.
V (α) =
g4
16k2
(
h
4
)3
sin2 (4α) , (33)
where we have chosen C = 0 for the integration constant.
We proceed in the very same way as before, i.e. we use
(31) and (33) into (12), from which one gets the general
expression
ε (r) =
4k2B2
g2h sin2 (2α)
+
g4
16k2
(
h
4
)3
sin2 (4α)
+h
[(
dα
dr
)2
+
sin2 (2α)
4r2
(
A
2
−m
)2]
, (34)
the finite-energy requirement ε (r →∞) → 0 being at-
tained by those profile functions fulfilling
α (r →∞)→ π
4
and A (r→∞)→ 2m, (35)
FIG. 2: Numerical solutions to A (r). Conventions as in the
Fig. 1, the profiles being monotonic.
i.e. the boundary conditions in the limit r →∞.
Now, due to (31), (33) and (35), the energy bound (18)
reduces to
Ebps = ∓πhm, (36)
the magnetic flux ΦB still being given by the result in
(27). Therefore, one gets that Ebps = ±ghΦB/4, the
lower-bound being proportional to the flux of the mag-
netic field, both ones being again quantized. Here, we
have calculated
√
V0
sinα0
√
1− sin2 α0 cos2 (2β2)
=
g2
√
h
2k
h
4
(37)
in order to verify our previous conjecture.
In this case, the first-order expressions (16) and (17)
can be written in the form
dα
dr
= ± sin (2α)
2r
(
A
2
−m
)
, (38)
1
r
dA
dr
= ∓ g
4
4k2
(
h
4
)2
sin (4α) sin (2α) , (39)
which must be considered in the presence of the condi-
tions (8) and (35).
It is worthwhile to point out that the equations (38)
and (39) can be obtained directly from those in (29) and
(30) via the redefinitions α → 2α and h → h/4, the en-
ergy bound and the self-dual potential behaving in a sim-
ilar way, the magnetic flux remaining the same. There-
fore, given that the two first-order scenarios introduced
5FIG. 3: Numerical solutions to the magnetic field B(r). Con-
ventions as in the Fig. 1. The profiles are rings centered at
r = 0.
above are phenomenologically equivalent, one concludes
the existence of only one effective scenario. In this sense,
from now on, we focus our attention on those expressions
coming from β(r) = β1 only.
In what follows, we depict the results we have found by
solving the first-order equations (29) and (30) by means
of the finite-difference prescription, according the bound-
ary conditions (8) and (25). Here, we have considered
the lower signs in the first-order expressions (i.e. m > 0
only), whilst choosing h = k = 1 and g =
√
2, for the
sake of simplicity. In this sense, we introduce the solu-
tions to the profile functions α (r) andA (r), the magnetic
field B (r), the BPS energy density εbps (r), the electric
potential A0 (r) and the electric field E (r) for m = 1
(solid black line), m = 2 (dashed blue line) and m = 3
(dash-dotted red line).
In the figures 1 and 2, we plot the numerical profiles
to the functions α (r) and A (r), respectively, from which
we verify the monotonic manner these fields approach
the conditions (8) and (25). In particular, we highlight
the way A (r) reaches the asymptotic value A (r →∞)→
2m.
The Figure 3 shows the solutions to the magnetic field
B (r), the resulting flux being confined on a ring centered
at the origin, its radius increasing as the winding number
itself increases. It is also interesting to note that the
magnetic field vanishes asymptotically, this way fulfilling
the finite-energy requirement ε (r →∞)→ 0.
In the Figure 4, we depict the profiles to the energy
density εbps (r) inherent to the first-order configurations,
these solutions also engendering rings centered at r =
0, their radii (amplitudes) increasing (decreasing) as m
FIG. 4: Numerical solutions to the energy density εbps (r).
Conventions as in the Fig. 1, εbps (r = 0) vanishing form 6= 1.
increases. Here, we point out that εbps (r = 0) vanishes
for m 6= 1.
In the figures 5 and 6, we present the solutions to the
electric potential A0 (r) and to the electric field E (r) in-
herent to it, respectively, this last one behaving in the
same general way the magnetic field does (i.e. yielding
well-defined rings), both E (r = 0) and E (r →∞) van-
ishing identically.
We end this Section by studying the Bogomol’nyi limit
supporting self-duality. In this sense, we proceed the
linearisation of the first-order equations (29) and (30)
around the boundary values (8) and (25), for m > 0
(lower signs in the first-order expressions), from we get
the approximate solutions near the origin
α(r) ≈ C0rm (40)
and
A(r) ≈ g
4h2C20
4k2 (m+ 1)
r2(m+1), (41)
the asymptotic profiles reading
α (r) ≈ π
2
− C∞e−Mαr (42)
and
A (r) ≈ 2m− g
2h
k
C∞re
−MAr, (43)
Mα =MA = g
2h/2k being the masses of the correspond-
ing bosons (for h = k = 1 and g =
√
2, both Mα and
MA equal the unity), the relation Mα/MA = 1 defining
the Bogomol’nyi limit. Here, C0 and C∞ stand for real
positive integration constants to be fixed by requiring the
correct behavior at r = 0 and r →∞, respectively.
6FIG. 5: Numerical solutions to the electric potential A0 (r).
Conventions as in the Fig. 1.
FIG. 6: Numerical solutions to the electric field E (r). Con-
ventions as in the Fig. 1, both E (r = 0) and E (r →∞)
vanishing.
IV. FINAL COMMENTS AND PERSPECTIVES
We have investigated the first-order radially symmet-
ric solutions inherent to the CP (2) model in the pres-
ence of the Chern-Simons action, from which we have
obtained regular solitons saturating a quantized energy
lower-bound.
We have introduced the overall theory and the con-
ventions inherent to it, focusing our attention on those
time-independent configurations presenting radial sym-
metry. In the sequel, we have applied the Bogomol’nyi
prescription, rewriting the expression for the effective en-
ergy in order to introduce a well-defined lower-bound (i.e.
the Bogomol’nyi bound). The point to be raised is that
such construction was only possible due to a differential
constraint involving the potential supporting self-duality.
We have considered separately the cases defined by
the two different solutions the additional profile func-
tion β(r) supports, this way verifying that these two con-
texts are phenomenologically equivalent, therefore exist-
ing only one effective scenario. We have then solved the
corresponding first-order equations numerically by means
of the finite-difference algorithm, depicting the resulting
profiles we have found this way. We have pointed out the
main properties the final configurations engender, also
studying the Bogomol’nyi limit explicitly.
We highlight that the results we have presented in this
work only hold for the radially symmetric structures de-
fined by the map in (6) and (7), being therefore not
possible to ensure that the original model supports first-
order solitons outside the radially symmetric proposal,
such question lying beyond the scope of this manuscript.
Ideas regarding future investigations include the search
for the nontopological first-order solitons coming from (1)
and the development of a well-defined self-dual frame-
work inherent to a CP (2) theory in the presence of both
the Maxwell and the Chern-Simons terms simultaneously.
These issues are currently under consideration, and we
hope positive results for an incoming contribution.
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